We give a characterization of C(X) -dynamical systems (B, G) such that the relative commutant of fixed point algebra
Introduction.
A result by S. Doplicher and J.E. Roberts (main theorem of [7] ), characterizes any compact C*-dynamical system (B, G) with conditions A ′ ∩ B = B ∩ B ′ , A ∩ A ′ = C1 (with A := B G ), in terms of a field of C*-algebras over a suitable cosets space H/ G. Corresponding fibre is a C*-dynamical system (F , H) for the closed group H ⊆ G, satisfying conditions F H ≃ A, A ′ ∩ F = C1 . The main application of such construction is in the context of crossed products of C*-algebras by endomorphisms satisfying certain symmetry properties, and determining a compact Lie group (see [8] ). In present work we generalize above mentioned theorem in the following sense:
• we consider C(X)-dynamical systems, where X is a compact Hausdorff space;
• G is the (generally not compact) group of sections of a compact group bundle G → X ;
• we remove hypothesis A ∩ A ′ = C, allowing A to have nontrivial centre;
• we assume A ′ ∩B = (A∩A ′ )∨(B∩B ′ ), having denoted by (A∩A ′ )∨(B∩B ′ ) the C*-subalgebra in B generated by A ∩ A ′ and B ∩ B ′ .
Above assumptions are motivated by including in our context interesting C(X)-dynamical systems over continuous fields of AF-algebras, and Pimsner algebras of vector bundles (see Ex.3.5, Ex.3.6, [19] ). Our main result Thm. 4.6 characterizes B as a field in the C(X)-algebra tensor product C(G)⊗ X F , where F is a suitable quotient of B carrying an action by a closed group H ⊆ G, and satisfying conditions
Above relations play an important role in the context of C*-dynamical systems arising in superselection structures with nontrivial centre (see [3] and related references). Section 2 and section 3 of present work are devoted to preliminary results, describing elementary properties of C(X)-algebra tensor products (characterized in terms of fields in Prop.2.2 if one of the factors is abelian), and group bundles over X (we consider the corresponding groups of sections with their invariant means, see Prop. 3.4 and Cor. 3.5). Section 4 contains our principal result Thm. 4.6, generalizing main theorem of [7] .
2 Tensor Products of C(X)-algebras. 
Example 2.1. Let F be a compact Hausdorff space. Then every trivial bundle Y := X × F is spanned by continuous sections. Example 2.2. Let π : U → X be a locally trivial bundle with fibre the unitary group U(d) and structure group U(d) acting on itself by adjoint action. Then U is spanned by continuous sections. In fact if a = a * ∈ M d and y = e ia belongs to some fibre U(d) of U , we can consider a trivializing open set U ⊂ X such that π(y) ∈ U , with the section s(x) := e iλ(x)a , where λ ∈ C(X) is a positive map having support contained in U with λ(π(y)) = 1 : by construction s(π(y)) = y .
Aim of present section is to give for every C(X)-algebra A a characterization of the C(X)-algebra tensor product C(Y ) ⊗ X A (in the sense of [1] , [2] , also called pullback of A over π by using terminology [10] , [18] ), when Y is spanned by continuous sections, generalizing the well-known isomorphism C(Y ) ⊗ A = C(Y, A) for C*-algebras.
The set S(X, Y ) of continuous sections s : X → Y is endowed with the 'uniform convergence' weak topology such that for every z ∈ C(Y ) the map s → z • s ∈ C(X) is norm continuous. Of course if X reduces to a single point we get usual Gel'fand topology. Associated notion of convergence is
Note that if s n → s in the above sense then each sequence {s n (x)} n ⊆ Y uniformly converges w.r.t. x. In the case in which Y = (Y, d) is metrisable we get
Let now us denote by A x := A/ (A · ker x) the fibre of A over x ∈ X as an upper semicontinuous bundle (as by [2] , [14] ), in such a way that every a ∈ A defines a vector field {a(x) ∈ A x } x∈X . We consider the set Γ ⊂ y∈Y A π(y) satisfying following properties:
• Γ is a C(Y )-algebra with pointwise defined *-algebra operations and norm A := sup y A(y) , A ≃ (A(y)) y ∈ Γ;
• For every section s : X → Y , the set
is a C(X)-algebra for pointwise defined operation and norm
and is isomorphic to A;
• For every A ∈ Γ, the map s → A s is norm continuous, i.e. A s − A s ′ < ε for s ′ belonging to a suitable neighborhood of s in S(X, Y ).
In the sequel we will identify for convenience elements of Γ s with elements of A. A vector field A is said constant if A s = A s ′ for every s, s ′ ∈ S(X, Y ).
Remark 2.1. If A ∈ Γ and x ∈ X then above defined properties imply that the restriction A| π −1 (x) := A(y) ∈ A x , y ∈ π −1 (x) is a continuous map from
Remark 2.2. We can determine a vector field A ∈ Γ by just assigning the family
In fact by hypothesis for every y ∈ Y we find A(y) = A s (π(y)) for some 
we want to prove that the vector field (T (y)) y belongs to Γ. Note that if s ∈ S(X, Y ) then there is the evaluation morphism s * :
We proved in this way that C(Y ) ⊗ X A ⊆ Γ. We now verify that every A ∈ Γ can be approximated by elements of
, to which we assign a subordinate partition of unity {λ i }. We consider elements λ i ⊗ X A si of C(Y ) ⊗ X A, with A si ∈ A ≃ Γ si , and obtain
Thus C(Y ) ⊗ X A = Γ and proposition is proved.
Group Bundles.
We consider in this section group bundles, i.e. surjective maps of compact Hausdorff spaces π : G → X such that every fibre π −1 (x) is a compact group G x . Lemma 3.1. Let G → X be a locally trivial group bundle with fibre K . Then
Proof. The fact that G is a topological group follows by local triviality: if {X i } i is a trivializing open cover with G| Xi ≃ X i × K then elements of G locally appear as continuous map g i :
, and g · g ′ is manifestly a continuous map. Metrisability of G follows by (2.1).
Example 3.1. In particular, if K is a Lie group and G is trivial then G = C(X, K) is a continuous loop group.
Example 3.2. Let E → X be a vector bundle; we denote by endE the continuous field of matrix algebras of endomorphisms on E . It is well known that the group UE of unitaries on E spans a locally trivial group bundle UE → X with fibre U(d) . If G ⊆ UE is any locally trivial subbundle with fibre K , then G := S(X, G) is an infinite dimensional Lie group, with Lie algebra g := {a ∈ endE : e a ∈ G} , where e a is the vector field e a (x) := e a(x) ∈ K , obtained by usual matrix exponential (note that in such a case a(x) belongs to the Lie algebra of K ). Now, G naturally acts on G by left and right traslation
Let now H be a closed subgroup of G. We introduce the homogeneous bundle
which is naturally endowed with quotient topology by G . Let H x denote the closed group {h(x), h ∈ H} ⊆ K ; then by definition H /G carries a natural structure of bundle
with fibre π −1 (x) := H x / K the space of left H x -cosets in K . Every H x / K is Hausdorff, and H /G is a compact Hausdorff space itself. When G is spanned by continuous sections in G the same is true for H /G , spanned by G := g := p • g, g ∈ G , having denoted by p : G → H /G the canonical projection.
Let A be a C(X)-algebra; then by Rem.2.3 G-actions (3.1) extend to
In particular, above defined actions restrict to isomorphisms
Let now A be a C(X)-algebra with the group of C(X)-automorphisms aut X A. Every α ∈ aut X A induces a field of automorphisms α(x) ∈ autA x , with α(x) (a(x)) := (α(a)) (x) for a ∈ A (see [14] , [16] ). Next definition and lemma will be used in successive sessions. 
where α g (x) is the automorphism on A x induced by α g .
is not restrictive. In fact by definiton there is a surjection p : C α → X , where C α is the spectrum of (A ∩ A ′ ) α ; thus we can perform the pullback p * G → C α , that is spanned by G p := {g • p, g ∈ G} . We can therefore define the G p -action g • p → α g satisfying by construction required condition.
Let now us consider a C(X)-algebra A carrying a fiberwise G-action. If a ∈ A we consider the vector field
where y = g(π(y)) ∈ G , g ∈ G. Since G acts fiberwise, we find α g (a)(π(y)) = α g ′ (a)(π(y)) if y = g(π(y)) = g ′ (π(y)), g ′ ∈ G; thus a(y) is well defined. Proof of next lemma immediately follows by previous definition. Example 3.5. Let A be a continuous field of matrix algebras over a compact Hausdorff space X . A is locally trivial (see [9] ) with fibre M d , and the group UA of unitaries of A spans a locally trivial group bundle with fibre U(d) . UA acts fiberwise on A by inner automorphisms. Let now us consider the infinite tensor product A ∞ := ⊗ ∞ A with coefficients in C(X). Then there is a fiberwise action α :
Example 3.6. Let E → X be a vector bundle. Then the unitary group UE acts fiberwise on the Pimsner algebra O E of the module of continuous sections of E (see [19] ).
We want now to prove that an analogue of Haar measure can be constructed for locally trivial group bundles π : G → X , with fibre a fixed compact group K and local charts π i : G| Xi → X i × K ; as usual we denote by G the group S(X, G) of continuous sections of G . Let us introduce the following terminology: if Y → X is a continuous surjective map of compact Hausdorff spaces, a positive normalized C(X)-module map I : C(Y ) → C(X) is said to be a C(X)-valued measure on Y .
Proposition 3.4. Let π : G → X be a locally trivial compact group bundle with fibre K . Then there is a C(X)-valued measure I : C(G) → C(X) invariant w.r.t. right and left traslation G-actions (3.1).
Proof. C(G) is the C*-algebra of a locally trivial continuous field with fibre C(K). We denote by K the Haar measure of K . Now every z ∈ C(Y ) defines a vector field (z x ) x , with z x := z| π −1 (x) ∈ C(K). Note that by local triviality for every x ∈ X , ε > 0 there is an open set U ⊂ X such that sup x ′ ∈U z x ′ − z x < ε. We now define
In order to verify that I is well defined we first have to prove that Iz ∈ C(X):
having used local triviality. It is clear that I is a C(X)-module map (in fact I is the identity for z x ∈ C). Furthermore I is obviously positive; finally, G-invariance follows by (g · z) x = y → z(g · y), y ∈ K = π −1 (x) , thus
(with analogue for right G-action) by invariance of Haar measure on K . In the same way the assert for right traslation G-action is proved.
Remark 3.1. With above notations, let H ⊂ G be the (not necessarily locally trivial) subbundle spanned by a closed subgroup H ⊂ G. An interesting problem is to determine whether there exists an invariant C(X)-valued measure I H : C(H) → C(X).
Let π : G → X be a locally trivial group bundle with fibre K , A a C(X)-algebra. Then the G-invariant mean m := I ⊗ id : C(G) ⊗ X A → A is defined, and the equality
Proof of next corollary follows by applying usual properties of group integration (see for example [17] ) and equality (3.5).
Corollary 3.5. With above notations, the following properties hold:
• If t is a multiplier of A then
where a ∈ C(G) ⊗ X A is the vector field defined as in Lemma 3.3;
• if α : G → aut X A is a fiberwise action, a G-invariant mean m : A → A α is defined by m(a) := m( a).
C(X)-Systems.
Let π : G → X be a locally trivial compact group bundle with fibre K spanned by the group G of continuous sections, B a unital C(X)-algebra carrying a fiberwise action α : G → aut X B . We fix our notations with A := B α , Z := A ∩ A ′ , C := B ∩ B ′ . Note that A, Z , C inherit by B the structure of C(X)-algebra. We denote by C the spectrum of C , and by p : C → X the natural projection induced by C(X)-algebra structure. Proof. Let ω ∈ C , x := p(ω) ∈ X . Since G acts fiberwise, α restricts to a Kaction over C x ≃ C(p −1 (x)). We prove that K acts transitively on p −1 (x): in fact if f is continuous over p −1 (x) and K -invariant we extend on C by Tietze theorem and apply the G-invariant mean, obtaining f ∈ C(X) ≃ C α ⊆ C such that f p −1 (x) = f . But by construction f has to be constant on p −1 (x)
for every x ∈ X , since it can be lifted to X , and f is constant itself. Thus
, and the isomorphism C x ≃ C( H x / K) is proved having chosen H x to be the stabilizer of some ω ∈ p −1 (x). Let now m : C → C(X) denote the G-invariant mean. Then C acts by multiplication on the Hilbert
. Since m is positive, so defined C(X)-representation over M is faithful, and C is a continuous field of C*-algebras over X (see [1] ). Thus M defines a continuous field of Hilbert spaces with fibre L 2 ( H x / K, µ K ), where µ K is the Haar measure. 4. There is a C(X)-monomorphism i : C ֒→ C(G);
C is spanned by continuous sections;

C is isomorphic to an homogeneous bundle H /G (with notation (3.2)), for some closed group H ⊆ G determined up to isomorphism;
7. There is an isomorphism of C*-dynamical systems (C, α) ≃ (C(H /G ), α), where α is the right traslation G-action over C(H /G ).
Proof. Equivalence between (1) and (2), (3) and (4), (6) and (7) follows by applying Gel'fand transform. (1) ⇒ (4) follows by defining the C*-algebra morphism (i(c)) (y) := (φ • α g (c)) (x), where c ∈ C , y = g(x) ∈ G . So defined map is injective, since by previous lemma G-action is ergodic along the fibres of C over X . (3) ⇒ (2) follows by considering a section g : X → G and defining 
so that by definition i(C) coincides with functions in C(G) constant over left Hcosets. If a closed group H ′ ⊆ G realizes the isomorphism γ :
is defined, and we find
Suppose now that the centre C of B is an homogeneous bundle.
We retain notations of previous lemma and denote φ g := φ • α g , g ∈ G. By Lemma 4.2 we find that ∩ g ker φ g = {0}. Let now ι : C ֒→ B be the natural inclusion; we define the following ideal of B :
having used notation of [14] . Note that η is injective over A. Let in fact a ∈ A ⊂ B be norm limit of elements of the type i c i b i , with c i ∈ ker φ. Then a = α g (a) ∈ ker φ g −1 · B for every g ∈ G. We now regard at B as an upper semicontinuous field over C , and observe that if b ∈ ker φ g · B then b(ω) = 0 for every ω ∈ φ g (X), where φ g : X → C is the adjoint map defined by φ g . Thus in particular a(ω) = 0 for ω ∈ ∪ g φ g (X) = C , and a = 0 . We consider the closed group H introduced in (4.1), define F := η(B), and denote by β : β • η = η • α the corresponding action β : H → aut X F inducing the field (β h (x)) x∈X , with β h (x) ∈ autF x . Note that β is a fiberwise action itself. We also consider the tensor product C(G) ⊗ X F : by Prop. 2.2 we can benefit of the sectional description of C(G) ⊗ X F , carrying traslation G-actions (3.3). We can now introduce the C*-algebra
or, equivalentely
having used notations in Rem. 2.2 and actions (3.3). F is stable under right traslation G-action (3.3), since
We denote by α corresponding fiberwise G-action on F .
In this setting, every b ∈ B defines a vector field b ≃ ( b(y)) y ∈ y∈G F π(y) :
where g ∈ G satisfies y = g(π(y)). Since α is a fiberwise action, definition of b(y) does not depend on the choice of g . We now prove that (4.4) defines a natural morphism of C(X)-dynamical systems
by assigning the vector field b to b ∈ B :
Let us verify that (4.5) is well defined. In order to b ∈ C(G) ⊗ X A we have to prove continuity of g → b g , which is obvious, and that B g = F . This last property follows by the identity η(b) = α
Let now us evaluate the fixed point C*-algebra
β . So that we proved
Proof. The map (4.4) is injective. Let in fact b ∈ B such that b g = 0 for every g ∈ G, i.e. η • α g (b) ≡ 0 . We regard at B as un upper semicontinuous field over C (so that the vector field (b(ω)) ω∈ C is defined) and observe that b g ≃ b| φg (X) , where φ g : X → C is the continuous section defined by applying Gel'fand transform to φ g : C → C(X). Since ∪ g φ g (X) = C we find b(ω) = 0 for every ω ∈ C , and b = 0 .
We want now to prove that (4.4) is surjective. At this purpose, as a preliminary step we consider the restriction over the centre of B : if c ∈ C then c g = η • α g (c) ∈ F β , so that c hg = β h ( c g ) = c g . Thus (4.4) restricts to a C(X)-algebra isomorphism : C → C(H /G ). We now prove surjectivity of (4.4). Let F ∈ F ; we fix ε > 0 and consider the open cover U ε,g := {y ∈ G : F (y) − F (g(π(y)) < ε } of G . Note that h · U ε,g = U ε,hg for h ∈ H . We pick a finite set of indexes {i} such that {U ε,hgi } h∈H,i is an open cover, and consider a subordinate partition of unity {λ i } of continuous maps belonging to C . We then consider b i ∈ B such that (
So that surjectivity of (4.4) is verified.
Corollary 4.4. In the setting of previous lemma, there is a C*-algebra isomorphism
Proof. Follows by (4.6).
We denote by C ∨ Z the C*-subalgebra of B generated by C and Z . ′ ∩ F , where elements of η(A) are regarded as constant Fvalued vector fields. By above considerations we know that elements of (C ∨ Z) are continuous F -valued fields constant over left H -cosets; in particular, as β h • η(c) = β h • φ(c) = φ(c) = η(c) for c ∈ C , we find η(c) ∈ F β = η(A) (by previous corollary); so that (C ∨ Z) = C(H /G ) ⊗ X η(Z).
On the other side, elements of η(A) ′ ∩ F are vector fields in F taking values in η(A) ′ ∩ F . As they have to be constant over left H -cosets we conclude
By applying the C(X)-morphism φ ⊗ X id, where φ : C ≃ C(H /G ) → C(X), we obtain η(Z) = η(A) ′ ∩ F .
Previous results imply the following Some Final Remarks. Main motivation for previous theorem arises is in the context of certain C*-dynamical systems (so-called 'crossed products by dual action' [20] , [21] ), involving a fiberwise action by the group of (special) unitaries over a vector bundle. At this purpose, in present work we assumed local triviality for group bundles we considered. Anyway it is expectable that some concepts we introduced may be extended to more general (not locally trivial) group bundles (see Rem.3.1), as in particular the C(X)-valued Haar measure introduced in Prop. 3.4.
